Recently, Stanley [Longest alternating subsequences of permutations, preprint, arXiv/0511419v1] studied the length of the longest alternating subsequence of a permutation in the symmetric group, where a sequence a,
Introduction
Let S n be the symmetric group of permutations of 1, 2, . . . , n and let = 1 2 . . . n ∈ S n .An increasing subsequence of of length is a subsequence i 1 i 2 · · · i satisfying i 1 < i 2 < · · · < i . Several authors studied properties of the length of the longest increasing subsequence is n ( ) of a permutation . 1 Logan-Shepp [11] and Vershik-Kerov [14] showed that the asymptotic expectation E(n) of is n ( ) satisfies E(n) = 1 n! ∈S n is n ( ) ∼ 2 √ n when n → ∞. Recently, Stanley [13] developed an analogous theory for alternating subsequences, i.e., subsequences i 1 i 2 · · · i of satisfying i 1 > i 2 < i 3 > i 4 < · · · i . He proved that the mean of the longest alternating subsequence as n ( ) of a permutation ∈ S n is 4n+1 6 for n 2, and the variance of as n ( ) is 8 45 n − 13 180 for n 4. Let [k] = {1, 2, . . . , k} be our canonical totally ordered alphabet on k letters, and consider the set [k] n of n-letter words over [k] (see [6, 7] ). Let = 1 2 · · · n ∈ [k] n be any k-ary word of length n. In this paper we develop an analogous theory for alternating subsequences in k-ary words, i.e., subsequences i 1 i 2 . . . i of satisfying
Denote the longest alternating subsequence of by as n,k ( ). Our main result (Theorem 2.4) can be formulated as follows. The generating function for the number of k-ary words of length n having as n,k ( ) = m is given by
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. As a consequence of this formula we find that the mean (n, k) =
where
In particular, lim k→∞ (n, k) = , n 4, which are the same as the mean and variance, respectively, of longest alternating subsequence in the set of permutations of length n.
Longest alternating subsequence
In this section we study the generating function for the number of words ∈ [k] n having as n,k ( ) = m. To do that let bs n,k ( ) be the length of the longest subsequence
gives the following lemma. In order to find an explicit formula for the number of words in the set A 
If no confusion can arise, we will write a m n,
Now we are ready to find a recurrence relation for the generating functions A k (j ; q, x) and B k (j ; q, x).
A k (i; q, x).
Proof. From the definitions,
and
as claimed.
Lemma 2.3. For all k 1,
Proof. Multiplying the recurrence relations in the statement of Lemma 2.2 by v j −1 and summing over all possible j = 1, 2, . . . , k we get that
as required.
Theorem 2.4. The generating function A k (1, q, x) is given by
Proof. Rewriting the statement of Lemma 2.1 in terms of generating function, we obtain that (1/v, q, x) in the statement of Lemma 2.3 we get that ⎛
This implies that
This type of functional equation can be solved systematically using the kernel method [10] (for more details see [1, 5, 8, 12] ). If we assume that v =
, then we obtain an explicit formula for the generating function A k (1, q, x) , as required.
A number of corollaries follow from Theorem 2.4. For example, we can obtain explicit expressions for the generating functions A m k (x) for the number of k-ary words of length n having as n,k ( ) = m. Theorem 2.4, when m is fixed, gives that A m k (x) is the coefficient of q m in A k (1, q, x) . Thus, we can state the following result.
Corollary 2.5. We have
By Theorem 2.4 we have T n,k (−1) = −k for all n, k 1. In other words, for all n, k 1 we have
A simple combinatorial proof of this fact follows from switching the last letter a (if it exists) in the word = abb . . . b with the subsequence bb . . . b of ; it is not hard to see that this operation either increases or decreases as n,k ( ) by one. This argument generalizes the argument which suggested by Bóna and Pylyvskyy in the case of permutations (see [3, 13] ). We end this section by presenting two directions of possible generalization of our work above. Recently Deutsch et al. [9] found the limiting distributions of the longest increasing subsequence in random pattern-restricted permutations in which the pattern is any one of the six patterns of length three. Can anything be said about the analogue for alternating sequences, i.e., the limiting distributions of the longest alternating subsequence in random pattern-restricted permutations in which the pattern is any one of the six patterns of length three. The same question can be asked for k-ary words, i.e., the limiting distributions of the longest alternating subsequence in random pattern-restricted k-ary words in which the pattern is any one of the six patterns of length three (see [6, 7] ).
